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Abstract

In this paper we develop a local discontinuous Galerkin method to solve the generalized nonlinear Schrödinger

equation and the coupled nonlinear Schrödinger equation. L2 stability of the schemes are obtained for both of these

nonlinear equations. Numerical examples are shown to demonstrate the accuracy and capability of these methods.
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1. Introduction

In this paper we develop a local discontinuous Galerkin method to solve the generalized nonlinear

Schrödinger (NLS) equation
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iut þ uxx þ iðgðjuj2ÞuÞx þ f ðjuj2Þu ¼ 0; ð1:1Þ

the two-dimensional version
iut þ Duþ f ðjuj2Þu ¼ 0; ð1:2Þ

and the coupled nonlinear Schrödinger equation
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iut þ iaux þ uxx þ buþ jvþ f ðjuj2; jvj2Þu ¼ 0;

ivt � iavx þ vxx � buþ jvþ gðjuj2; jvj2Þv ¼ 0;

(
ð1:3Þ
where f(u) and g(u) are arbitrary (smooth) nonlinear real functions and a,b,j are real constants.

The cubic nonlinear Schrödinger equation
iut þ uxx þ juj2u ¼ 0; ð1:4Þ

which is a special case of Eq. (1.1), describes many phenomena and has important applications in fluid

dynamics, nonlinear optics, and plasma physics [3,4,15]. Its structure is reminiscent of the Schrödinger

equation in quantum physics, where |u|2 has the significance of a potential. In Eq. (1.4) the complex func-

tion u(x, t) describes the evolution of slowly varying wave trains in a stable dispersive physical system with
no dissipation, for example waves in deep water. Various kinds of numerical methods can be found for sim-

ulating solutions of the NLS problems [5,17,20,21,24,25,29]. In [5,29], several important finite difference

schemes are tested, analyzed and compared. In [24], a pseudospectral solution of GNLS equation is

considered. A numerical solution of the NLS equation is obtained by using the quadratic B-spline finite

element method in [17]. The convergence of a class of space–time finite element method for the nonlinear

(cubic) Schrödinger equation is analyzed in [20,21]. The discontinuous Galerkin method considered in [20]

refers to a discontinuous Galerkin discretization in time, hence is different from our approach of using a

local discontinuous Galerkin discretization for the spatial variables.
The two-dimensional nonlinear Schrödinger equation (1.2) is a generic model for the slowly varying

envelop of a wave-train in conservative, dispersive, mildly nonlinear wave phenomena. It is also obtained

as the subsonic limit of the Zakharov model for Langmuir waves in plasma physics [34]. It is possible

for solutions of the two-dimensional nonlinear Schrödinger equation to develop singularities at some

finite time t0 [18]. The linearized Crank–Nicolson finite difference scheme was used to compute the two-

dimensional NLS equation in [27].

The coupled nonlinear Schrödinger equation
iut þ iaux þ 1
2
uxx þ ðjuj2 þ bjvj2Þu ¼ 0;

ivt � iavx þ 1
2
vxx þ ðbjuj2 þ jvj2Þv ¼ 0;

(
ð1:5Þ
were first derived 30 years ago by Benney and Newell [2] for two interacting nonlinear packets in a disper-

sive and conservative system. The classification of the solitary waves is considered in [33]. Ismail and Taha
[19] introduced a finite difference method for the numerical simulation of the coupled nonlinear Schrödinger

equation. In [28], a multi-symplectic formulation is considered.

The discontinuous Galerkin (DG) method we discuss in this paper is a class of finite element methods

using a completely discontinuous piecewise polynomial space for the numerical solution and the test func-

tions in the spatial variables, coupled with explicit and nonlinearly stable high order Runge–Kutta time dis-

cretization [26]. It was first developed for hyperbolic conservation laws containing first derivatives by

Cockburn et al. [11,10,8,12] in a series of papers. For a detailed description of the method as well as its

implementation and applications, we refer the readers to the lecture notes [7], the survey paper [9], other
papers in that Springer volume, and the review paper [14].

These discontinuous Galerkin methods were generalized to solve a convection diffusion equation (con-

taining second derivatives) by Cockburn and Shu [13]. Their work was motivated by the successful numer-

ical experiments of Bassi and Rebay [1] for the compressible Navier–Stokes equations. Later, Yan and Shu

[31] developed a local discontinuous Galerkin method for a general KdV type equation containing third

derivatives, and they generalized the local discontinuous Galerkin method to PDEs with fourth and fifth

spatial derivatives in [32]. Levy, Shu and Yan [22] developed local discontinuous Galerkin methods for

solving nonlinear dispersive equations that have compactly supported traveling wave solutions, the
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so-called ‘‘compactons’’. Recently, Xu and Shu [30] further developed the local discontinuous Galerkin

method to solve three classes of nonlinear wave equations formulated by the general KdV-Burgers type

equations, the general fifth-order KdV type equations and the fully nonlinear K(n,n,n) equations.

These discontinuous Galerkin methods have several attractive properties. It can be easily designed for

any order of accuracy. In fact, the order of accuracy can be locally determined in each cell, thus allowing
for efficient p adaptivity. It can be used on arbitrary triangulations, even those with hanging nodes, thus

allowing for efficient h adaptivity. The methods have excellent parallel efficiency. It is extremely local in

data communications. The evolution of the solution in each cell needs to communicate only with the imme-

diate neighbors, regardless of the order of accuracy. Finally, it has excellent provable nonlinear stability.

One can prove a strong L2 stability and a cell entropy inequality for the square entropy, for the general

nonlinear cases, for any orders of accuracy on arbitrary triangulations in any space dimension, without

the need for nonlinear limiters.

The paper is organized as follows. In Section 2, we present and analyze the local discontinuous Galerkin
methods for the NLS equations. In Section 2.1, we present the methods for the generalized NLS equations.

We prove a theoretical result of L2 stability for the nonlinear case as well as an error estimate for the linear

case. In Section 2.2, we present the local discontinuous Galerkin methods for the two-dimensional NLS

equations and give a theoretical result of L2 stability. In Section 2.3, we present a local discontinuous Galer-

kin method for the coupled NLS equations and give a theoretical result of L2 stability. Section 3 contains

numerical results for the nonlinear problems to demonstrate the accuracy and capability of the methods.

Concluding remarks are given in Section 4.
2. The local discontinuous Galerkin methods for the NLS equations

2.1. A local discontinuous Galerkin method for the generalized NLS equation

In this section, we present and analyze a local discontinuous Galerkin method for the following non-

linear problem:
iut þ uxx þ iðgðjuj2ÞuÞx þ f ðjuj2Þu ¼ 0; ð2:1Þ

with an initial condition
uðx; 0Þ ¼ u0ðxÞ ð2:2Þ

and periodic boundary conditions. Here f(u) and g(u) are arbitrary (smooth) nonlinear real functions. No-

tice that the assumption of periodic boundary conditions is for simplicity only and is not essential: the

method as well as the analysis can be easily adapted for non-periodic boundary conditions.

We denote the mesh by Ij ¼ ½xj�1
2
; xjþ1

2
� for j ¼ 1; . . . ;N . The center of the cell is

xj ¼ ðxj�1
2
þ xjþ1

2
Þ=2 and Dxj ¼ xjþ1

2
� xj�1

2
. We denote by uþ

jþ1
2

and u�
jþ1

2

the value of u at xjþ1
2
, from the right

cell, Ij+1, and from the left cell, Ij, respectively. We define the complex piecewise-polynomial space VDx as

the space of polynomials of degree at most k in each cell Ij, i.e.
V Dx ¼ fv : v 2 PkðIjÞ for x 2 Ij; j ¼ 1; . . . ;Ng:

To define the local discontinuous Galerkin method, we rewrite Eq. (2.1) as a first-order system:
iut þ px þ iðgðjuj2ÞuÞx þ f ðjuj2Þu ¼ 0;

p � ux ¼ 0: ð2:3Þ
Now we can apply the local discontinuous Galerkin method to Eqs. (2.3), find u,p 2 VDx, "v,w 2 VDx,
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i

Z
Ij

utvdx�
Z

Ij

pvx dxþ ðp̂v�Þjþ1
2
� ðp̂vþÞj�1

2
� i

Z
Ij

gðjuj2Þuvx dx

þ iðcguv�Þjþ1
2
� iðcguvþÞj�1

2
þ
Z
Ij

f ðjuj2Þuvdx ¼ 0;Z
Ij

pwdxþ
Z
Ij

uwx dx� ððûw�Þjþ1
2
� ðûwþÞj�1

2
Þ ¼ 0:

ð2:4Þ
The ‘‘hat’’ terms in (2.4) in the cell boundary terms for integration by parts are the so-called ‘‘numerical

fluxes’’, which are single valued functions defined on the edges and should be designed based on different

guiding principles for different PDEs to ensure stability. For example, upwinding should be used as a guide-

line for odd derivatives which correspond to waves, and eventual symmetric treatment, such as an alternat-

ing choice of the fluxes for a quantity and its derivative, should be used for even derivatives. It turns out

that we can take the simple choices such that
û ¼ u�; p̂ ¼ pþ; cgu ¼ ĝðju�j2; juþj2Þ~u;

~u ¼ huup þ ð1� hÞðuþ þ u�Þ=2; uup ¼
u� if ĝ P 0;

uþ if ĝ < 0;

�
0 6 h 6 1;

ð2:5Þ
where we have omitted the half-integer indices jþ 1
2
as all quantities in (2.5) are computed at the same

points (i.e. the interfaces between the cells). ĝða; bÞ is monotone flux, i.e. Lipschitz continuous in both argu-

ments, consistent (i.e. ĝða; aÞ ¼ gðaÞ), non-decreasing in the first argument and non-increasing in the sec-
ond. Examples of monotone fluxes which are suitable for discontinuous Galerkin methods can be found

in, e.g. [11]. We could for example use the simple Lax–Friedrichs flux
ĝða; bÞ ¼ 1

2
ðgðaÞ þ gðbÞ � aðb� aÞÞ; a ¼ max

a
jg0ðaÞj;
where the maximum is taken over a relevant range of |u|2. The algorithm is now well defined. This flux is

used in the numerical experiments in next section and we choose h = 0.

We remark that the choice for the fluxes (2.5) is not unique. In fact the crucial part is taking û and p̂
from opposite sides.

With such a choice of fluxes we can get the theoretical results of L2 stability.

Proposition 2.1. (cell entropy inequality). There exist numerical entropy fluxes Ûjþ1
2
such that the solution to

the scheme (2.4) and (2.5) satisfies
d

dt

Z
Ij

juj2 dxþ Ûjþ1
2
� Ûj�1

2
6 0:
Proof. First, we take the complex conjugate for every term in Eq. (2.4)
� i

Z
Ij

u�t v
�dx�

Z
Ij

p�v�xdxþðp̂�v��Þjþ1
2
�ð bp�v�þÞj�1

2
þ i

Z
Ij

gðjuj2Þu�v�xdx� iðdgu�v��Þjþ1
2
þ iðdgu�v�þÞj�1

2

þ
Z
Ij

f ðjuj2Þu�v�dx¼0;Z
p�w�dxþ

Z
u�w�

xdx�ðð bu�w��Þjþ1
2
�ð bu�w�þÞj�1

2
Þ¼0;

ð2:6Þ
Ij Ij
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where u* denote the the complex conjugate. Since (2.4) and (2.6) hold for any test functions in VDx, we can

choose
v ¼ u�; w ¼ p�:
With these choices of test functions and taking the difference of the sum of the two equalities in (2.4) and

the sum of the two equalities in (2.6), we can get
i

Z
Ij

ðjuj2Þt dx�
Z
Ij

ðpu�Þx dxþ ððp̂u�� þ bu�p�Þjþ1
2
� ðp̂u�þ þ bu�pþÞj�1

2
Þ þ

Z
Ij

ðp�uÞx dx� ððûp�� þ bp�u�Þjþ1
2

� ðûp�þ þ bp�uþÞj�1
2
Þ � i

Z
Ij

gðjuj2Þðjuj2Þx dxþ iðcguu�� þdgu�u�Þjþ1
2
� iðcguu�þ þdgu�uþÞj�1

2

¼ 0:
Take G(s) = �sg(s)ds, with definition (2.5) of the numerical fluxes and after some algebraic manipulation, we

have Z

Ij

ðjuj2Þt dxþ Ûjþ1
2
� Ûj�1

2
þHj�1

2
¼ 0;
where the numerical entropy flux is given by
Û ¼ 2Imðu��pþÞ � Gðju�j2Þ þ cguu�� þdgu�u�

and the extra term H is given by
H ¼ ½Gðjuj2Þ� � ðcgu½u�� þdgu� ½u�Þ
¼

Z juþj2

ju�j2
ðgðsÞ � ĝðju�j2; juþj2ÞÞdsþ hĝðju�j2; juþj2Þððuþ � uupÞ½u�� þ ððu�Þ� � ðuupÞ�Þ½u�Þ P 0;
where [u] ” u+ � u� denotes the jump of u, and we have used the monotonicity of ĝ as well as the definition

of the upwind value uup to reach the last inequality. Now we have
Z
Ij

ðjuj2Þt dxþ Ûjþ1
2
� Ûj�1

2
6 0:
This is the cell entropy inequality.

Summing up the cell entropy inequalities, we obtain

Corollary 2.2. (L2 stability). The solution to the scheme (2.4) and (2.5) satisfies the L2 stability
d

dt

Z L

0

juj2 dx 6 0:
For actual numerical implementation, it might be more efficient if we decompose the complex function

u(x, t) into its real and imaginary parts by writing
uðx; tÞ ¼ rðx; tÞ þ isðx; tÞ; ð2:7Þ

where r and s are real functions. Under the new notation, the problem (2.1) can be written as
rt þ sxx þ ðgðr2 þ s2ÞrÞx þ f ðr2 þ s2Þs ¼ 0;

st � rxx þ ðgðr2 þ s2ÞsÞx � f ðr2 þ s2Þr ¼ 0; ð2:8Þ

which can also be written as an equivalent first-order system:
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rt þ px þ ðgðr2 þ s2ÞrÞx þ f ðr2 þ s2Þs ¼ 0;

p � sx ¼ 0;

st � qx þ ðgðr2 þ s2ÞsÞx � f ðr2 þ s2Þr ¼ 0;

q� rx ¼ 0:
The local discontinuous Galerkin method (2.4) then becomes: find r,p, s,q 2 VDx, which now denotes real

piecewise polynomial of degree at most k, such that "v,w,z,h 2 VDx,
Z
Ij

rtvdx�
Z
Ij

pvx dxþ ðp̂v�Þjþ1
2
� ðp̂vþÞj�1

2
�
Z
Ij

gðs2 þ r2Þrvx dxþ ð bgrv�Þjþ1
2
� ð bgrvþÞj�1

2

þ
Z
Ij

f ðr2 þ s2Þsvdx ¼ 0,Z
Ij

pwdxþ
Z
Ij

swx dx� ðŝw�Þjþ1
2
þ ð̂swþÞj�1

2
¼ 0,Z

Ij

stzdxþ
Z
Ij

qzx dx� ðq̂z�Þjþ1
2
þ ðq̂zþÞj�1

2
�
Z
Ij

gðs2 þ r2Þszx dxþ ð bgsz�Þjþ1
2
� ð bgszþÞj�1

2

�
Z
Ij

f ðr2 þ s2Þrzdx ¼ 0,Z
Ij

qhdxþ
Z
Ij

rhx dx� ðr̂h�Þjþ1
2
þ ðr̂hþÞj�1

2
¼ 0:

ð2:9Þ
The numerical fluxes become
p̂ ¼ pþ; r̂ ¼ r�; q̂ ¼ qþ; ŝ ¼ s�;bgr ¼ ĝððs2 þ r2Þ�; ðs2 þ r2ÞþÞ~r; bgs ¼ ĝððs2 þ r2Þ�; ðs2 þ r2ÞþÞ~s;

~r ¼ hrup þ ð1� hÞðrþ þ r�Þ=2; rup ¼
r� if ĝ P 0;

rþ if ĝ < 0;

�
~s ¼ hsup þ ð1� hÞðsþ þ s�Þ=2; sup ¼

s� if ĝ P 0;

sþ if ĝ < 0;

�
0 6 h 6 1;

ð2:10Þ
where we have omitted the half-integer indices jþ 1
2
as all quantities in (2.10) are computed at the same

points (i.e. the interfaces between the cells).

Next, we consider the error estimate for linearized NLS equation
iuet þ uexx þ iuex þ ue ¼ 0; ð2:11Þ

where we use ue to denote the exact solution of Eq. (2.11). The corresponding equations in real functions

are
ret þ sexx þ rex þ se ¼ 0;

set � rexx þ sex � re ¼ 0;
ð2:12Þ
with the equivalent first-order system:
ret þ pex þ rex þ se ¼ 0;

pe � sex ¼ 0;

set � qex þ sex � re ¼ 0;

qe � rex ¼ 0:
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We define
Bjðr; p; s; q; v;w; z; hÞ �
Z
Ij

rtvdxþ
Z
Ij

stzdxþ
Z
Ij

svdxþ
Z
Ij

pwdx�
Z
Ij

rzdxþ
Z
Ij

qhdx�
Z
Ij

pvx dx

þ ðp̂v�Þjþ1
2
� ðp̂vþÞj�1

2
�
Z
Ij

rvx dxþ ð~rv�Þjþ1
2
� ð~rvþÞj�1

2
þ
Z
Ij

qzx dx� ðq̂z�Þjþ1
2

þ ðq̂zþÞj�1
2
�
Z
Ij

szx dxþ ð~sz�Þjþ1
2
� ð~szþÞj�1

2
þ
Z
Ij

swx dx� ðŝw�Þjþ1
2
þ ðŝwþÞj�1

2

þ
Z
Ij

rhx dx� ðr̂h�Þjþ1
2
þ ðr̂hþÞj�1

2
;

where the monotone fluxes simply become upwinding
~r ¼ r�; ~s ¼ s�:
The local discontinuous Galerkin method for Eq. (2.12) becomes: find r,p, s,q 2 VDx such that,

"v,w,z,h 2 VDx,
Bjðr; p; s; q; v;w; z; hÞ ¼ 0:
We clearly also have
Bjðre; pe; se; qe; v;w; z; hÞ ¼ 0;
and we can then obtain the error equation
Bjðre � r; pe � p; se � s; qe � q; v;w; z; hÞ ¼ 0 ð2:13Þ

for all v,w,z,h 2 VDx. Take
v ¼ Sre � r; w ¼ Pqe � q; z ¼ Sse � s; h ¼ p �Ppe;
where P is the standard L2 projection into VDx, that is, for each j,
Z
Ij

ðPwðxÞ � wðxÞÞvðxÞdx ¼ 0 8v 2 Pk;
and S is special projection into VDx which satisfies, for each j,
Z
Ij

ðSwðxÞ � wðxÞÞvðxÞdx ¼ 0 8v 2 Pk�1 and Swðx�jþ1
2
Þ ¼ wðx�jþ1

2
Þ:
Then we have
Bjðv;�h; z;w; v;w; z; hÞ ¼ Bjðve;�he; ze;we; v;w; z; hÞ; ð2:14Þ

where
ve ¼ Sre � re; we ¼ Pqe � qe; ze ¼ Sse � se; he ¼ pe �Ppe:
By the same argument as that used for the cell entropy inequality, the left-hand side of (2.14) becomes
Bjðv;�h; z;w; v;w; z; hÞ ¼
Z
Ij

ðvtvþ ztzÞdxþ Ûjþ1
2
� Ûj�1

2
þHj�1

2
;

where
Û ¼ �hþv� � wþz� þ 1

2
ðv2Þ� þ 1

2
ðz2Þ�; H ¼ 1

2
ð½v�2 þ ½z�2Þ:
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As to the right-hand side of (2.14), we have
Bjðve;�he; ze;we; v;w; z; hÞ ¼ I þ II þ III þ IV ;
where
I ¼
Z
Ij

ðvet vþ zet zÞdx;

II ¼
Z
Ij

ððwe � zeÞzx þ ðhe � veÞvx þ zewx þ vehx � hewþ wehþ zev� vezÞdx;

III ¼ ðððheÞþ � ðveÞ�Þ½v� þ ððweÞþ � ðzeÞ�Þ½z� þ ðzeÞ�½w� þ ðveÞ�½h�Þj�1
2
;

and
IV ¼ Ĥ iþ1
2
� Ĥ i�1

2

with
Ĥ ¼ �ððheÞþ � ðveÞ�Þv� � ððweÞþ � ðzeÞ�Þz� � ðzeÞ�w� � ðveÞ�h�:

By using the simple inequality ab 6 ðe=2Þa2 þ ð1=2eÞb2, and standard approximation theory [6] on

vet ¼ ðSre � reÞt and zet ¼ ðSze � zeÞt, we have
I 6 CDx2kþ3
j þ 1

4

Z
Ij

ðv2 þ z2Þdx:
Because P is a local L2 projection, and S, even though not a local L2 projection, does have the property

that x�Sx is locally orthogonal to all polynomials of degree up to k � 1, all the terms in II except the last

two terms are actually zero. We can get the estimates for the last two terms in II:
Z
Ij

ðzev� vezÞdx 6 CDx2kþ3
j þ 1

4

Z
Ij

ðv2 þ z2Þdx:
The last two terms in III are zero, because of the special interpolating property of the projectionS. An appli-
cation of the simple inequality ab 6

1
2
ða2 þ b2Þ for the first two terms in III and the standard approximation

theory on the point values of ve ¼ Sre � re; we ¼ Pqe � qe; ze ¼ Sse � se; he ¼ pe �Ppe then gives
III 6 CðDx2kþ2
j�1 þ Dx2kþ2

j Þ þ 1

4
ð½v�2 þ ½z�2Þ:
Finally, IV only contains flux difference terms which will vanish upon a summation in j.

Combining all these and summing over j we obtain the following inequality:
d

dt

Z L

0

1

2
ðv2 þ z2Þdxþ 1

4
ð½v�2 þ ½z�2Þ 6 Dx2kþ1 þ

Z L

0

1

2
ðv2 þ z2Þdx:
An integration in t plus the standard approximation theory on ve ¼ ðSre � reÞ and ze ¼ ðSse � seÞ then

gives the desired error estimates.

Proposition 2.3. (error estimate). The error for the scheme (2.9) and (2.10) applied to the linearized NLS

equation (2.12) satisfies
kue � uk0 6 Ckuekkþ1Dx
kþ1

2; ð2:15Þ
where iÆim is the standard Sobolev m norm and the constant C depends on the time t.
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2.2. The local discontinuous Galerkin method for two-dimensional NLS equations

In this section, we present and analyze the local discontinuous Galerkin method for the two-dimensional

NLS equations
iut þ Duþ f ðjuj2Þu ¼ 0; 0 6 x; y 6 L; ð2:16Þ
with an initial condition
uðx; y; 0Þ ¼ u0ðx; yÞ ð2:17Þ

and periodic boundary conditions. Here, f(u) is an arbitrary (smooth) nonlinear real function. Notice that

the assumption of a box geometry and periodic boundary conditions is for simplicity only and is not essen-

tial: the method can be easily designed for arbitrary domain and non-periodic boundary conditions.

We assume that the domain X is polygonal and denote by TDx a triangulation of X. Here Dx measures

the longest edge of all polyhedra in TDx. We again denote the complex finite element space by
V Dx ¼ fv : v 2 PkðKÞ for 8K 2 TDxg:

To define the local discontinuous Galerkin method, we rewrite Eq. (2.16) as a first-order system:
iut þ px þ qy þ f ðjuj2Þu ¼ 0;

p � ux ¼ 0;

q� uy ¼ 0:

ð2:18Þ
Now we can define the local discontinuous Galerkin method to Eqs. (2.18): find u,p,q 2 VDx, such that,
"v,w,z 2 VDx,
i

Z
K
utvdxdy�

Z
K
pvxdxdyþ

Z
oK

dpnx;K vintK ds� Z
K
qvy dxdyþ

Z
oK

dqny;K vintK dsþ Z
K
f ðjuj2Þuvdxdy ¼ 0;Z

K
pwdxdyþ

Z
K
uwxdxdy�

Z
oK

dunx;K wintK ds¼ 0;Z
K
qzdxdyþ

Z
K
uzy dxdy�

Z
oK

duny;K zintK ds¼ 0;

ð2:19Þ
where oK is the boundary of element K, and the numerical fluxes (the ‘‘hats’’) are defined similar to the one-

dimensional cases, namely
dunx;K ¼ u�nx;K ; dpnx;K ¼ pþnx;K ; duny;K ¼ u�ny;K ; dqny;K ¼ qþny;K ; ð2:20Þ
where (nx,K,ny,K) are the outward unit normal for element K along the element boundary oK, uintK de-

notes the value of u evaluated from inside the element K, and v�,v+ refer to values of v at a uniquely
defined ‘‘left’’ and ‘‘right’’ sides for each edge. For example, if all the elements K are rectangles, then

on all horizontal edges, v� denotes the value of v from below, and v+ denotes the value of v from

above; and on all vertical edges, v� denotes the value of v from left, and v+ denotes the value of v

from right. The choice for the fluxes (2.20) is not unique. In fact the crucial part is takingdunx;K and dpnx;K ; duny;K and dqny;K from opposite sides.

With such a choice of fluxes we still have L2 stability for the scheme (2.19) and (2.20). The proof follows

the same lines as the one-dimensional case, so we omit it.
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Proposition 2.4. (L2 stability). The solution to the scheme (2.19) and (2.20) satisfies the L2 stability
d

dt

Z
X
juj2 dxdy 6 0:
2.3. The local discontinuous Galerkin method for coupled NLS equations

In this section, we present and analyze the local discontinuous Galerkin method for the coupled NLS

equations
iut þ iaux þ uxx þ buþ jvþ f ðjuj2; jvj2Þu ¼ 0;

ivt � iavx þ vxx � buþ jvþ gðjuj2; jvj2Þv ¼ 0;

(
ð2:21Þ
with an initial condition
uðx; 0Þ ¼ u0ðxÞ;
vðx; 0Þ ¼ v0ðxÞ;

�
ð2:22Þ
and periodic boundary conditions. Here, f(a,b) and g(a,b) are arbitrary (smooth) nonlinear real functions,

a,b,j are constants. Notice again that the assumption of periodic boundary conditions is for simplicity only

and is not essential: the method can be easily designed for non-periodic boundary conditions.

To define the local discontinuous Galerkin method, we rewrite Eq. (2.21) as a first-order system:
iut þ iaux þ px þ buþ jvþ f ðjuj2; jvj2Þu ¼ 0;

p � ux ¼ 0;

ivt � iavx þ qx � buþ jvþ gðjuj2; jvj2Þv ¼ 0;

q� vx ¼ 0:

ð2:23Þ
Now we can define the local discontinuous Galerkin method to Eqs. (2.23): find u,v,p,q 2 VDx, such that,
"r,w, s,z, 2 VDx,
i

Z
Ij

utrdx� ia
Z
Ij

urx dxþ iað~ur�Þjþ1
2
� iað~urþÞj�1

2
�
Z
Ij

prx dxþ ðp̂r�Þjþ1
2
� ðp̂rþÞj�1

2

þ
Z
Ij

ðbuþ jvþ f ðjuj2; jvj2ÞuÞrdx ¼ 0;Z
Ij

pwdxþ
Z
Ij

uwx dx� ððûw�Þjþ1
2
� ðûwþÞj�1

2
Þ ¼ 0;

i

Z
Ij

vtsdxþ ia
Z
Ij

vsx dx� iað~vs�Þjþ1
2
þ iað~vsþÞj�1

2
�
Z
Ij

qsx dxþ ðq̂s�Þjþ1
2
� ðq̂sþÞj�1

2

þ
Z
Ij

ð�buþ jvþ gðjuj2; jvj2ÞvÞsdx ¼ 0Z
Ij

qzdxþ
Z
Ij

vzx dx� ððv̂z�Þjþ1
2
� ðv̂zþÞj�1

2
Þ ¼ 0:

ð2:24Þ
The ‘‘hat’’ terms in (2.24) are again the numerical fluxes, which can be taken as
û ¼ u�; p̂ ¼ pþ; v̂ ¼ v�; q̂ ¼ qþ;

~u ¼ u�; ~v ¼ vþ if a > 0;

~u ¼ uþ; ~v ¼ v� if a < 0;

ð2:25Þ
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where we have omitted the half-integer indices jþ 1
2
as all quantities in (2.25) are computed at the same

points (i.e. the interfaces between the cells).

We remark that the choice for the fluxes (2.25) is not unique. In fact the crucial part is taking

û and p̂; v̂ and q̂ from opposite sides.
Table 1

Accuracy test for the NLS equation (3.1) with the plane wave solution (3.2)

N Real part Imaginary part

L2 error Order L1 error Order L2 error Order L1 error Order

p0 20 6.92E � 02 – 1.82E � 01 – 6.98E � 02 – 1.83E � 01 –

40 3.64E � 02 0.93 1.68E � 01 0.12 3.45E � 02 1.02 8.98E � 02 1.02

80 1.73E � 02 1.08 7.34E � 02 1.19 1.70E � 02 1.02 4.34E � 02 1.05

160 8.52E � 03 1.02 3.71E � 02 0.98 8.49E � 03 1.00 2.38E � 02 0.86

p1 20 6.26E � 03 – 2.36E � 02 – 6.18E � 03 – 2.43E � 02 –

40 1.59E � 03 1.98 6.21E � 03 1.93 1.66E � 03 1.90 1.14E � 02 1.09

80 3.90E � 04 2.03 1.49E � 03 2.05 4.03E � 04 2.04 2.47E � 03 2.21

160 9.87E � 05 1.98 3.73E � 04 2.00 9.92E � 05 2.02 5.95E � 04 2.05

p2 20 1.24E � 04 – 6.56E � 04 – 1.32E � 04 – 6.27E � 04 –

40 2.07E � 05 2.62 2.45E � 04 1.42 1.78E � 05 2.89 7.98E � 05 2.97

80 2.17E � 06 3.26 2.62E � 05 3.22 1.94E � 06 3.20 1.01E � 05 2.99

160 2.52E � 07 3.10 3.09E � 06 3.08 2.45E � 07 2.99 1.33E � 06 2.92

p3 20 6.55E � 06 – 2.41E � 05 – 6.29E � 06 – 2.01E � 05 –

40 4.61E � 07 3.83 1.59E � 06 3.93 5.37E � 07 3.55 4.04E � 06 2.31

80 2.41E � 08 4.26 1.02E � 07 3.96 2.66E � 08 4.34 2.26E � 07 4.16

160 1.50E � 09 4.01 5.52E � 09 4.20 1.53E � 09 4.12 1.37E � 08 4.05

a = 0.5, b = c = 0, A = c = 1. Periodic boundary condition in [0,2p]. Non-uniform meshes with N cells at time t = 1.

Table 2

Accuracy test for the NLS equation (3.1) with the plane wave solution (3.2)

N Real part Imaginary part

L2 error Order L1 error Order L2 error Order L1 error Order

p0 20 6.98E � 02 – 1.89E � 01 – 6.94E � 01 – 1.73E � 01 –

40 3.62E � 02 0.95 9.32E � 02 1.02 3.68E � 02 0.91 1.38E � 01 0.33

80 1.73E � 02 1.07 4.75E � 02 0.97 1.73E � 02 1.09 6.83E � 02 1.01

160 8.58E � 03 1.01 2.21E � 02 1.10 8.59E � 03 1.01 3.20E � 02 1.09

p1 20 1.61E � 02 – 3.28E � 02 – 1.62E � 02 – 3.12E � 02 –

40 3.70E � 03 2.12 8.69E � 03 1.92 4.88E � 03 1.73 1.11E � 02 1.49

80 9.58E � 04 1.95 1.93E � 03 2.17 1.03E � 03 2.25 2.21E � 03 2.33

160 2.48E � 04 1.95 5.01E � 04 1.94 2.49E � 04 2.04 5.60E � 04 1.98

p2 20 1.48E � 04 – 7.90E � 04 – 1.41E � 04 – 7.12E � 04 –

40 1.88E � 05 2.98 1.04E � 04 2.93 2.25E � 05 2.64 2.49E � 04 1.52

80 2.12E � 06 3.15 1.17E � 05 3.15 2.24E � 06 3.33 2.27E � 05 3.46

160 2.42E � 07 3.21 1.32E � 06 3.14 2.46E � 07 3.19 1.40E � 06 4.02

p3 20 1.96E � 05 – 3.70E � 05 – 1.93E � 05 – 3.80E � 05 –

40 1.30E � 06 3.92 4.24E � 06 3.12 1.64E � 06 3.55 3.77E � 06 3.33

80 7.71E � 08 4.08 1.60E � 07 4.73 8.61E � 08 4.25 1.79E � 07 4.40

160 4.61E � 09 4.06 8.03E � 09 4.31 4.74E � 09 4.18 8.45E � 09 4.41

a = 0.5, b = c = 1, A = c = 1. Periodic boundary condition in [0,2p]. Non-uniform meshes with N cells at time t = 1.



Table 3

Accuracy test for NLS equation (3.3) with the soliton solution (3.4)

N Real part Imaginary part

L2 error Order L1 error Order L2 error Order L1 error Order

p0 80 9.22E � 02 – 7.42E � 01 – 1.00E � 01 – 7.25E � 01 –

160 3.23E � 02 1.51 3.04E � 01 1.29 3.30E � 02 1.60 2.78E � 01 1.38

320 1.24E � 02 1.39 1.19E � 01 1.35 1.24E � 02 1.41 1.08E � 01 1.37

640 5.64E � 03 1.13 5.43E � 02 1.13 5.74E � 03 1.12 5.11E � 02 1.07

p1 40 1.38E � 01 – 8.69E � 01 – 1.22E � 01 – 5.96E � 01 –

80 2.38E � 02 2.53 1.78E � 01 2.28 2.12E � 02 2.53 1.54E � 01 1.96

160 5.28E � 03 2.17 5.06E � 02 1.82 4.97E � 03 2.09 4.21E � 02 1.87

320 1.25E � 03 2.08 1.31E � 02 1.95 1.16E � 03 2.10 1.07E � 02 1.98

p2 40 1.31E � 02 – 1.07E � 01 – 1.31E � 02 – 1.25E � 01 –

80 9.29E � 04 3.82 1.40E � 02 2.94 1.00E � 03 3.71 1.19E � 02 3.39

160 1.04E � 04 3.15 1.84E � 03 2.93 1.01E � 04 3.30 1.84E � 03 2.70

320 1.18E � 05 3.15 2.55E � 04 2.85 1.21E � 05 3.07 2.33E � 04 2.98

p3 20 4.93E � 02 – 3.86E � 01 – 5.20E � 02 – 3.41E � 01 –

40 2.62E � 03 4.24 1.75E � 02 4.46 2.36E � 03 4.46 1.80E � 02 4.25

80 1.92E � 04 3.77 2.03E � 03 3.11 1.78E � 04 3.73 1.47E � 03 3.61

160 1.50E � 05 3.67 1.32E � 04 3.94 1.40E � 05 3.66 1.06E � 04 3.80

Periodic boundary condition in [�15,15]. Non-uniform meshes with N cells at time t = 1.
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With such a choice of fluxes we can get the theoretical results of L2 stability.

Proposition 2.5. (L2 stability). The solution to the scheme (2.24) and (2.25) satisfies the L2 stability
d

dt

Z L

0

ðjuj2 þ jvj2Þdx 6 0:
Proposition 2.5 can be proven by similar techniques as that in the proof of Proposition 2.1. We will thus not
give the details here.
3. Numerical results

In this section we provide numerical examples to illustrate the accuracy and capability of the methods

developed in the previous section. Time discretization is by the third order explicit Runge–Kutta method

in [26]. We can also use the exponential time differencing fourth-order Runge–Kutta method which was

developed by Cox and Matthews in [16]. We will use this efficient time discretization method in a future

work.

Example 3.1. We show an accuracy test for the NLS equation
iut þ uxx þ iaðjuj2uÞx þ bjuj2uþ cjuj4u ¼ 0; ð3:1Þ

which admits a progressive plane wave solution
uðx; tÞ ¼ A expðiðcx� xtÞÞ; ð3:2Þ

where x = c2 + a|A|2c � b|A|2 � c|A|4, A and c are constants. We use non-uniform meshes in this and later
examples which are obtained by randomly perturbing each mesh point in a uniform mesh independently up
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to ±10%Dx. The L2 and L1 errors and the numerical orders of accuracy are contained in Tables 1 and 2.

We can see that the method with Pk elements gives a uniform (k + 1)-th order of accuracy in both norms.

Example 3.2. We show an accuracy test for the NLS equation
|u
|

0

0.5

1

|u
|

0

0.5

1

Fig. 1

elemen
iut þ uxx þ 2juj2u ¼ 0; ð3:3Þ

with the soliton solution
uðx; tÞ ¼ sechðx� 4tÞ exp 2i cx� 3

2
t

� �� �
: ð3:4Þ
Waves of this form play an important role in complex physical situations, for example, in coherent laser
optics. It can be shown that the envelope or the modulus |u(x, t)| may be considered as a soliton. The L2
x
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0
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. The soliton propagation of Eq. (3.3) with initial condition (3.5). Periodic boundary condition in [�25,25], x0 = �10, P2

ts with 200 uniform cells.
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and L1 errors and the numerical order of accuracy are contained in Table 3. We can see that the method

with Pk elements gives a uniform (k + 1)-th order of accuracy in both norms.

Example 3.3. In this example we show the soliton propagation of Eq. (3.3) in Fig. 1 with the initial

condition
Fig. 2.

condit
uðx; 0Þ ¼ sechðx� x0Þ expð2iðcðx� x0ÞÞÞ: ð3:5Þ

The double soliton collision case has the initial condition
uðx; 0Þ ¼
X2

j¼1

exp
1

2
icjðx� xjÞ

� �
sechðx� xjÞ ð3:6Þ
The solution is computed with periodic boundary condition in [�25,25] using P2 elements with 250 uniform

cells and is shown in Fig. 2.
The double soliton collision of Eq. (3.3) with initial condition (3.6). c1 = 4, x1 = �10, c2 = �4, x2 = 10. Periodic boundary

ion in [�25,25]. P2 elements with 250 uniform cells.
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Example 3.4. In this example we show the birth of soliton using a square well initial condition [17]. We

take the Maxwellian initial condition
Fig. 3.

elemen
uðx; 0Þ ¼ A expð�x2Þ: ð3:7Þ

In Fig. 3 the standing soliton is observed.

A second simulation involves the initial condition
uðx; 0Þ ¼ A expð�x2 þ 2ixÞ: ð3:8Þ

In Fig. 4 the mobile soliton is observed.

Example 3.5. In this example we show the bound state solution of the equation
iut þ uxx þ bjuj2u ¼ 0; ð3:9Þ

with the initial condition
The birth of standing soliton of Eq. (3.3) with initial condition (3.7). A = 1.78. Periodic boundary condition in [�45,45]. P2

ts with 400 uniform cells.



Fig. 4.

elemen
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uðx; 0Þ ¼ sechx: ð3:10Þ

It will produce a bound state of N solitons if
b ¼ 2N 2: ð3:11Þ

The theoretical solution for a bound state of solitons is known [23]. The solutions develop small narrow
structure which are difficult to resolve if NP 3. In Figs. 5–7, we show the numerical approximation of

the bound state of soliton for N = 3,4,5.

Example 3.6. We show an accuracy test for the coupled NLS equation
iut þ iaux þ 1
2
uxx þ ðjuj2 þ bjvj2Þu ¼ 0;

ivt � iavx þ 1
2
vxx þ ðbjuj2 þ jvj2Þv ¼ 0;

(
ð3:12Þ
with the soliton solution
The birth of mobile soliton of Eq. (3.3) with initial condition (3.8). A = 1.78. Periodic boundary condition in [�45,45]. P2

ts with 400 uniform cells.
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uðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
2a

1þ b

s
sechð

ffiffiffiffiffi
2a

p
ðx� c tÞÞ exp i ðc� aÞx� c2 � a2

2
� a

� �
t

� �� �
;

vðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
2a

1þ b

s
sechð

ffiffiffiffiffi
2a

p
ðx� c tÞÞ exp i ðcþ aÞx� c2 � a2

2
� a

� �
t

� �� �
;

ð3:13Þ
The L2 and L1 errors and the numerical order of accuracy are contained in Table 4. We can see that the

method with Pk elements gives a uniform (k + 1)-th order of accuracy in both norms.

We also present the solitary wave propagation for the coupled NLS equation (3.12) in Fig. 8 with the

initial condition
uðx; 0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffi
2a

1þ b

s
sechð

ffiffiffiffiffi
2a

p
ðx� x0ÞÞ expðiððc� aÞðx� x0ÞÞÞ;

vðx; 0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffi
2a

1þ b

s
sechð

ffiffiffiffiffi
2a

p
ðx� x0ÞÞ expðiððcþ aÞðx� x0ÞÞÞ:

ð3:14Þ
The bound state solution of Eq. (3.9) with initial condition (3.10). N = 3. Periodic boundary condition in [�15,15]. P2 elements

00 uniform cells.



Fig. 6. The bound state solution of Eq. (3.9) with initial condition (3.10). N = 4. Periodic boundary condition in [�15,15]. P2 elements

with 800 uniform cells.
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Example 3.7. In this example we show the soliton interaction for the coupled NLS equation (3.12). The

double soliton collision case has the initial condition
uðx; 0Þ ¼
X2

j¼1

ffiffiffiffiffiffiffiffiffiffiffi
2aj
1þ b

s
sechð

ffiffiffiffiffiffiffi
2aj

p
ðx� xjÞÞ expðiððcj � aÞðx� xjÞÞÞ;

vðx; 0Þ ¼
X2

j¼1

ffiffiffiffiffiffiffiffiffiffiffi
2aj
1þ b

s
sechð

ffiffiffiffiffiffiffi
2aj

p
ðx� xjÞÞ expðiððcj þ aÞðx� xjÞÞÞ;

ð3:15Þ
where a = 0.5, b = 2/3, c1 = 1, c2 = 0.1, a1 = 1, a2 = 0.5, x1 = 0, x2 = 25. The solution is computed with peri-

odic boundary condition in [�20,80]. P2 elements with 400 cells are used and the result is shown in Fig. 9.



Fig. 7. The bound state solution of Eq. (3.9) with initial condition (3.10). N = 5. Periodic boundary condition in [�15,15]. P2 elements

with 1000 uniform cells.
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The triple soliton collision case has the initial condition
uðx; 0Þ ¼
X3

j¼1

ffiffiffiffiffiffiffiffiffiffiffi
2aj
1þ b

s
sechð

ffiffiffiffiffiffiffi
2aj

p
ðx� xjÞÞ expðiððcj � aÞðx� xjÞÞÞ;

vðx; 0Þ ¼
X3

j¼1

ffiffiffiffiffiffiffiffiffiffiffi
2aj
1þ b

s
sechð

ffiffiffiffiffiffiffi
2aj

p
ðx� xjÞÞ expðiððcj þ aÞðx� xjÞÞÞ;

ð3:16Þ
where a = 0.5, b = 2/3, c1 = 1, c2 = 0.1, c3 = �1, a1 = 1, a2 = 0.72, a3 = 0.36, x1 = 0, x2 = 25, x3 = 50. The

solution is computed with periodic boundary condition in [�20,80]. P2 elements with 400 cells are used

and the result is shown in Fig. 10.

Example 3.8. We show an accuracy test for the two-dimensional NLS equation
iut þ uxx þ uyy þ bjuj2u ¼ 0; ð3:17Þ

which admits a progressive plane wave solution
uðx; tÞ ¼ A expðiðc1xþ c2y � xtÞÞ; ð3:18Þ



Table 4

Accuracy test for the coupled NLS equation (3.12) with the soliton solution (3.13)

N Real part of u Imaginary part of u

L2 error Order L1 error Order L2 error Order L1 error Order

p0 80 1.76E � 01 – 2.99E � 01 – 2.37E � 01 – 4.49E � 01 –

160 1.16E � 01 0.60 2.13E � 01 0.49 1.34E � 01 0.82 2.48E � 01 0.86

320 7.05E � 02 0.72 1.31E � 01 0.70 7.69E � 02 0.80 1.40E � 01 0.82

640 3.99E � 02 0.82 7.43E � 02 0.82 4.14E � 02 0.89 7.56E � 02 0.89

p1 80 6.72E � 02 – 1.18E � 01 – 7.36E � 02 – 2.66E � 01 –

160 1.82E � 02 1.89 3.33E � 02 1.83 1.54E � 02 2.26 6.49E � 02 2.03

320 4.47E � 03 2.03 8.11E � 03 2.04 3.69E � 03 2.06 1.54E � 02 2.07

640 1.21E � 03 1.88 2.18E � 03 1.89 9.83E � 04 1.91 4.04E � 03 1.93

p2 80 6.91E � 03 – 1.91E � 02 – 6.38E � 03 – 2.17E � 02 –

160 5.48E � 04 3.66 2.18E � 03 3.13 6.18E � 04 3.37 2.50E � 03 3.12

320 5.19E � 05 3.40 3.05E � 04 2.84 6.76E � 05 3.19 3.52E � 04 2.82

640 5.34E � 06 3.28 3.19E � 05 3.26 8.04E � 06 3.07 5.21E � 05 2.76

p3 80 2.03E � 03 – 3.51E � 03 – 1.44E � 03 – 4.21E � 03 –

160 1.23E � 04 4.04 2.49E � 04 3.82 1.02E � 04 3.82 5.01E � 04 3.07

320 9.51E � 06 3.69 1.78E � 05 3.81 7.08E � 06 3.85 3.16E � 05 3.99

640 5.91E � 07 4.01 1.30E � 06 3.77 4.34E � 07 4.03 1.99E � 06 3.99

p0 80 3.60E � 01 – 7.52E � 01 – 2.58E � 01 – 4.57E � 01 –

160 2.27E � 01 0.67 4.85E � 01 0.63 1.71E � 01 0.59 3.11E � 01 0.55

320 1.33E � 01 0.78 2.87E � 01 0.76 9.76E � 02 0.81 2.07E � 01 0.59

640 7.34E � 02 0.85 1.63E � 01 0.81 5.24E � 02 0.90 1.20E � 01 0.79

p1 80 1.11E � 01 – 3.00E � 01 – 8.40E � 02 – 2.16E � 01 –

160 2.91E � 02 1.98 1.01E � 01 1.57 2.11E � 02 2.00 7.50E � 02 1.53

320 6.99E � 03 2.01 2.66E � 02 1.93 5.12E � 03 2.04 1.77E � 02 2.08

640 1.86E � 03 1.91 6.27E � 03 2.08 1.37E � 03 1.90 5.55E � 03 1.68

p2 80 1.15E � 02 – 3.36E � 02 – 1.26E � 02 – 5.04E � 02 –

160 1.33E � 03 3.11 7.15E � 03 2.23 1.22E � 03 3.36 5.65E � 03 3.16

320 1.47E � 04 3.18 8.02E � 04 3.16 1.53E � 04 3.00 8.76E � 04 2.69

640 1.79E � 05 3.03 1.26E � 04 2.67 1.76E � 05 3.12 9.60 3.19

p3 80 3.01E � 03 – 5.07E � 03 – 2.37E � 03 – 7.24E � 03 –

160 2.18E � 04 3.79 9.75E � 04 2.38 1.83E � 04 3.70 4.67E � 04 3.95

320 1.49E � 05 3.86 6.05E � 05 4.01 1.20E � 05 3.93 4.49E � 05 3.38

640 9.17E � 07 4.03 3.28E � 06 4.20 7.42E � 07 4.01 3.21E � 06 3.80

c = 1, a = 0.5, a = 1, b = 2/3. Periodic boundary condition in [�25,25]. Non-uniform meshes with N cells at time t = 1.
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where x ¼ c21 þ c22 � bjAj2, A, c1 and c2 are constants. We use uniform and non-uniform rectangular
meshes, the non-uniform meshes have independent random perturbations in each of the x and y directions.

The L2 and L1 errors and the numerical order of accuracy are contained in Table 5. We can see that the

method with Pk elements gives a uniform (k + 1)-th order of accuracy in both norms.

Example 3.9. In this example we show singular solutions for the two-dimensional NLS equation
iut þ uxx þ uyy þ juj2u ¼ 0: ð3:19Þ

We choose the initial condition
uðx; yÞ ¼ ð1þ sin xÞð2þ sin yÞ ð3:20Þ



Fig. 8. The solitary wave propagation of Eq. (3.12) with initial condition (3.14). a = 0.5, b = 2/3, c = 1, a = 1, x0 = 0. Periodic

boundary condition in [�20,80]. P2 elements with 400 uniform cells.
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Fig. 9. The double soliton collision of Eq. (3.12) with initial condition (3.15). a = 0.5, b = 2/3, c1 = 1, c2 = 0.1, a1 = 1, a2 = 0.5, x1 = 0,

x2 = 25. Periodic boundary condition in [�20,80]. P2 elements with 400 uniform cells.
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Fig. 10. The triple soliton collision of Eq. (3.12) with initial condition (3.16). a = 0.5, b = 2/3, c1 = 1, c2 = 0.1, c3 = �1, a1 = 1,

a2 = 0.72, a3 = 0.36, x1 = 0, x2 = 25, x3 = 50. Periodic boundary condition in [�20,80]. P2 elements with 400 uniform cells.
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Table 5

Accuracy test for the NLS equation (3.17) with the plane solution (3.18)

N · N Real part Imaginary part

L2 error Order L1 error Order L2 error Order L1 error Order

p0 10 · 10 2.30E � 01 – 1.08 – 2.16E � 01 – 7.57E � 01 –

20 · 20 1.05E � 01 1.13 4.72E � 01 1.20 1.05E � 01 1.03 4.72E � 01 0.68

40 · 40 4.91E � 02 1.10 2.30E � 01 1.04 4.92E � 02 1.10 2.30E � 01 1.04

80 · 80 2.42E � 02 1.02 1.22E � 01 0.92 2.42E � 02 1.02 1.21E � 01 0.92

p1 10 · 10 1.24E � 01 – 3.43E � 01 – 2.81E � 02 – 9.88E � 02 –

20 · 20 2.82E � 02 2.13 9.87E � 02 1.60 2.82E � 02 2.13 9.43E � 02 1.87

40 · 40 6.70E � 03 2.07 2.50E � 02 1.98 6.71E � 03 2.07 2.45E � 02 1.95

80 · 80 1.64E � 03 2.03 5.93E � 03 2.08 1.64E � 03 2.03 6.04E � 03 2.02

p2 10 · 10 7.12E � 03 – 5.69E � 02 – 6.95E � 03 – 5.76E � 02 –

20 · 20 6.83E � 04 3.38 6.89E � 03 3.04 7.15E � 04 3.28 7.01E � 03 3.04

40 · 40 7.96E � 05 3.10 8.75E � 04 2.98 7.99E � 05 3.16 9.52E � 04 2.88

80 · 80 9.11E � 06 3.13 1.02E � 04 3.11 9.10E � 06 3.13 1.04E � 04 3.19

p3 10 · 10 1.48E � 03 – 8.40E � 03 – 1.45E � 03 – 7.19E � 03 –

20 · 20 9.16E � 05 4.02 6.01E � 04 3.81 9.23E � 05 3.97 5.41E � 04 3.73

40 · 40 5.66E � 06 4.02 4.72E � 05 3.67 5.64E � 06 4.03 3.18E � 05 4.09

80 · 80 3.53E � 07 4.00 2.14E � 06 4.47 3.52E � 07 4.00 2.33E � 06 3.77

b = 2, A = c = 1. Periodic boundary condition in [0,2p]. Non-uniform meshes with N · N cells at time t = 1.

Fig. 11. The singular solution of Eq. (3.19) with initial condition (3.20). Periodic boundary condition in [0,2p]. P2 elements with

120 · 120 uniform cells.

Y. Xu, C.-W. Shu / Journal of Computational Physics 205 (2005) 72–97 95



96 Y. Xu, C.-W. Shu / Journal of Computational Physics 205 (2005) 72–97
and a periodic boundary condition. Strong evidence of a singularity in finite time is obtained, although

there is no rigorous proof of breakdown in this case [27]. The solution is computed with a periodic bound-

ary condition in [0,2p] using P2 elements with 120 · 120 uniform cells. The result is shown in Fig. 11.
4. Concluding remarks

We have developed the local discontinuous Galerkin methods to solve generalized nonlinear Schrö-

dinger equations, including coupled Schrödinger equations and two-dimensional Schrödinger equations,
and have proven the stability of these methods. Numerical examples for nonlinear problems are shown

to illustrate the accuracy and capability of the methods. Although not addressed in this paper, these

methods are flexible for general geometry, unstructured meshes and h–p adaptivity, and have excellent

parallel efficiency. They should provide a useful class of numerical tools for solving the nonlinear

Schrödinger equations.
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